ABSTRACT. We give a general definition of quantum N -toroidal algebras uniformly, which is a natural generalization of classical quantum toroidal algebras, as well as extended quantized GIM algebras of N -fold affinization. We show that quantum N -toroidal algebras are the quotients of extended quantized GIM algebras of N -fold affinization, which is consistent to the Lie algebra cases. In particular, we construct a level-one vertex representation of quantum N -toroidal algebra for type A.
Introduction
The affine Lie algebras g is perhaps the most important generalization of the finite dimensional complex Lie algebra g, which is the central extension of g ⊗ C[t
±1
0 ] by one-dimensional center Cc 0 . The toroidal Lie algebra or double affine Lie algebra g = g 2,tor are central extension of g ⊗ C[t
1 ] by one-dimensional center Cc 1 . The toroidal Lie algebra g 2,tor has close connections with algebraic geometry, finite groups, conformal field theory, vertex algebras, Yangians, and differential equations and so on. The N -toroidal Lie algebra g N,tor is a further similar generalization and central extensional of g by the N -dimensional center Ct 0 ⊕ · · · ⊕ Ct N −1 , thus is naturally expected to have similar properties, and indeed there are extensive works on the general toroidal Lie algebra (cf. [ABFP] ).
The quantum toroidal algebra U q (g tor )=U q (g 2,tor ) in type A was introduced by Ginzburg, Kapranov, and Vasserot [GKV] in connection with geometric realization and Langlands reciprocity for algebraic surfaces. Besides the realization of Hecke operators for vector bundles on algebraic surfaces, Varagnolo and Vasserot [VV] proved a Schur-Weyl duality between representations of the quantum toroidal algebras U q (g tor ) and elliptic Cherednik algebras. Vertex representations of the quantum toroidal algebras in ADE types were also realized via McKay correspondence [FJW] . In a series of papers ([M1, M2, M3] ), Miki studied the structures and representations of the quantum toroidal algebra U q (g tor ) exclusively in type A. In [GJ] , the authors constructed explicitly an irreducible vertex representation of the quantum toroidal algebra U q (g tor ) of type A on the basic module for the affine Lie algebraĝl N . In the review [H2] , the representation theory of general quantum toroidal algebras U q (g tor ) was understood as quantum affinizations. This leads to an important question on how to quantize the general toroidal Lie algebra g N,tor for arbitrary integer N > 2.
In [BM] , the authors introduced the generalized intersection matrix (GIM for short) of N-fold affinization. The generalized intersection matrix algebra (GIM algebra for short) can be defined by by Serre-like generators and subject to general relations associated with the GIM matrix, which is similar to the Cartan matrix but allowing off-diagonal entries positive. N-toroidal Lie algebras were proved to be quotient algebras of the GIM algebra of N-fold affinization in [BM] . As far as we know, there are very limited knowledge on quantized GIM algebras even for simple-laced cases. In [T, LT] , the structures of quantized GIM algebras for simply-laced cases of 2-fold affinization were studied. In [GHX] , the quantized GIM algebras for simple-laced cases were proved to be isomorphic to a subalgebra of a quantum universal enveloping algebra. We find out that the quantum N -toroidal algebras are closely related to general extended quantized GIM algebra of N -fold affinization.
An important new development in the present paper is the introduction of the structures of quantum N -toroidal algebra for all types uniformly, which is a natural generalization of classical quantum toroidal algebra, just like the relation between 2-toroidal Lie algebra and N -toroidal Lie algebra. In [JZ1] and [JZ2] , we formulate a simplified set of Drinfeld generators for quantum affine algebras and the quantum toroidal algebra for type A, respectively, and we prove that this subset can replace the original set of generators. In the same way, the quantum N -toroidal algebra can be identified with its subalgebra generated by a set of simplified generators. Surprisingly, this identification turns out that the quantum N -toroidal algebra is isomorphic to the quotient algebra of extended quantized GIM algebra of N -affinization, which is consistent to the Lie algebra cases ( [BM] ). The corresponding GIMs of N-fold affinization, as well as the Dynkin diagrams for N = 3 of the subalgebras were given case by case, which have been discussed in [Sk] . In particular, we construct a level-one vertex representation of quantum N -toroidal algebra for type A, which is a generalization of that of quantum 2-toroidal algebra for type A given in [Sy] .
The paper is organized as follows. In section 2, we give a general definition of extended quantized GIM algebra of N -fold affinization for our purpose. In section 3, we define quantum Ntoroidal algebra for all types uniformly. At the same time, we find a subset of Drinfeld generators for the quantum N -toroidal algebra. It is interesting that the subalgebra generated by this subset can be realized as the quotient of the extended quantized GIM algebra of N -fold affinization. We also list the corresponding GIMs and Dynkin diagrams for N = 3. Actually, the quantum N -toroidal algebra is isomorphic to the quotient algebra of the subalgebra for type A and the subalgebra for other types, respectively. This main result will be verified in the next two sections for N = 2 and N = 3, respectively, which implies that quantum N -toroidal algebra is isomorphic to the quotient algebra of extended quantized GIM algebra of N -affinization. In the last section, we first give two equivalent definitions of quantum N -toroidal algebra for type A. Based on the two-parameter deformation definition via generating function, we construct a level-one vertex representation of quantum N -toroidal algebra for type A. We remark that the vertex representation of quantum 2-toroidal algebra for type A given in [Sy] is a special case of N = 2 of our result.
Extended quantized GIM algebras of N -fold affinization
In this section, we first recall the generalized intersection matrix (GIM for short) (cf. [N] , [G] ) and then define quantum GIM algebras of N -fold affinization, which has been studied in [GHX] and [T, LT] for simply-laced cases of 2-fold affinization. DEFINITION 2.1. Let J be a finite index set, a square matrix M = (m ij ) i, j∈J over Z is called a generalized intersection matrix if it satisfies:
REMARK 2.2. As m ij can be positive, a GIM generalizes the notion of the generalized Cartan matrix.
In this paper, we will assume that the GIM M = (m ij ) i, j∈J is symmetrizable. Explicitly, there exists a diagonal matrix D = diag(d i |i ∈ J) such that DM is symmetric. Similarly to Kac-Moody algebras, the GIM algebra L associated to the GIM M = (m ij ) i, j∈J can be defined by generators and relations (cf. [BM, Sl] ). Now we give the general definition of an extended quantized GIM algebra of N -fold affinization with a derivation. Let J = J 1 ∪ J 2 such that card(J 1 ) = N . DEFINITION 2.3. The extended quantized GIM algebra U q (L) of N -fold affinization is a unital associative algebra over Q(q) generated by the elements
, satisfying the following relations:
(M 5) For m ij < 0, we have that,
(M 6) For m ij > 0 and i = j, we have that,
(M 7) For m ij = 0 and i = j, we have that,
where
REMARK 2.4. This is a general definition of an extended quantized GIM algebra of N -fold affinization. As far as we know, there are very limited knowledge on quantized GIM algebras even for simple-laced cases. In [T, LT] , the authors studied the structures of quantized GIM algebras for simply-laced cases of 2-affinization. In [GHX] , the authors proved that a quantized GIM algebra U q (L) for simple-laced cases is isomorphic to a subalgebra of a quantum universal enveloping algebra U q (A).
3. Quantum N -toroidal algebras U q (g N,tor ) (N ≥ 2) 3.1. Quantum N -toroidal algebras. In the section, we will define the quantum N -toroidal algebra associated to a N -toroidal Lie algebra uniformly, which is a natural generalization of quantum 2-toroidal algebra (c.f. [GKV] , [VV] etc.).
Let I = {0, 1, · · · n}, I 0 = {1, 2, · · · , n}, g be a complex simple Lie algebra of rank n, α i (i ∈ I 0 ) be the simple roots of g andĝ be the non-twisted affine Lie algebra associated to g. Let δ, δ 1 , · · · , δ N −1 denote the primitive imaginary roots of the N -toroidal Lie algebra g N −tor associated to the affine Lie algebraĝ. Let θ be the highest root of g, take α 0 = δ − θ, then Π = {α i | i ∈ I} is a basis of simple roots of affine Lie algebraĝ. We denote the N -toroidal root system of g N −tor by ∆ tor =∆ ∪ {0} + Zδ 1 + · · · + Zδ N −1 , where∆ is the root system of affine Lie algbraĝ.
Let A = (a ij ) i,j∈I be the generalized Cartan matrix of the affine Lie algebraĝ, there exists a diagonal matrix D = diag(d i |i ∈ I) such that such that d i a ij = (α i |α j ). Let q be generic and
be the sth standard unit vector of (N − 1)-dimension and 0 be the (N − 1)-dimensional zero vector. DEFINITION 3.1. The quantum N -toroidal algebra U q (g N,tor ) is an associative algebra gener-
and Sym m 1 ,···mn denotes the symmetrization with respect to the indices (m 1 , · · · m n ). REMARK 3.2. Note that relation 3.10 is completely new which holds automatically for the case of N = 2. REMARK 3.3. When N = 2, Definition 3.1 is just that of quantum toroidal algebra( [GKV, VV] ect.). When N 3, quantum N -toroidal algebra is a natural generalization of quantum toroidal algebra. REMARK 3.4. For fixed s ∈ J, there exists an subalgebra U (s) q of U q (g N,tor ) generated by the elements
s , q ±d for i ∈ I. It is easy to see that every U (s) q is exactly isomorphic to quantum 2-toroidal algebra.
REMARK 3.5. In fact, there exists another central element γ 0 = K 0 K θ , where θ is the highest root of simple Lie algebra g.
3.
2. Simplified generators and subalgebra of quantum N -toroidal algebra U q (g N,tor ). Using the idea of [JZ1] , we find a set of simplified generators and subalgebra U 0 (g N,tor ) of the quantum N -toroidal algebra U q (g N,tor ), which are expected to be identify with quantum N -toroidal algebra U q (g N,tor ). Fortunately, using this identification, we find the interrelation between quantum N -toroidal algebra and quantized GIM algebra of N -fold affinization. DEFINITION 3.6. The algebra U 0 (g N,tor ) is an associative algebra generated by 
for a 0j < 0, where at least there exists one l k is ∓e s , or 0 for k = 0, · · · , t.
From the definition of U 0 (g N,tor ), we get the following proposition immediately. PROPOSITION 3.7. For s ∈ J, there exists the Q-algebra automorphism τ s of U 0 (g N,tor ) such that,
, where i = 1, 2, · · · , n, s ′ ∈ J and ǫ = ± or ±1.
Actually, Proposition3.7 reflects the symmetry of the algebra U 0 (g N,tor ), which will be revealed from the Dynkin diagram in the squel.
3.3. U 0 (g N,tor ) and extended quantized GIM algebra of N -fold affinizations. In this subsection, we focus on showing that the algebra U 0 (g N,tor ) can be realized as a quotient of quantized GIM algebra of N -fold affinizations.
First let us deonte that for i ∈ I and s ∈ J,
0 ,
, it follows from definition 3.6 simultaneously.
PROPOSITION 3.8. Using the above notations, the algebra U 0 (g N,tor )is an associative algebra generated by E i , F i , K i , (i ∈J ), satisfying the following relations.
(3.23)
where m ij ∈ M and we list the following generalized intersection matrices M = (m ij ) i,j∈J case by case, as well their Dynkin diagrams for N = 3.
First of all, denote
(I). For the case of type
where A n is the Cartan matrix of finite simple Lie algebra of type A, and [BM] after reordering the index.
Note that the GIM of N-fold affinization M is exactly the GIM introduced in
where B n is the Cartan matrix of finite simple Lie algebra of type B n , M 2 is defined as:
where C n is the Cartan matrix of finite simple Lie algebra of type C n , and
where D n is the Cartan matrix of finite simple Lie algebra of type
where M 5 is the same to the above matrix M 2 for n = 6, E 6 is the Cartan matrix of finite simple Lie algebra of type
For N=3
(VI). For the case of type
where M 6 is the same to the above matrix M 3 for n = 7, and E 7 is just the 
where E 8 is the Cartan matrix of finite simple Lie algebra of type E 8 ,
For N=3 (VIII) . For the case of type 
where M 9 is the same to the above matrix M 3 for n = 2 and G 2 is the Cartan matrix of finite simple Lie algebra of type
PROOF. By definition 3.6, we are left to check the relations involving with m ij = 2 for i = j, since other relations can be verified directly. To be more specific, we need to show that for i = j ∈ {−N + 1, · · · , −2, −1}.
which follows from relation (3.23) .
REMARK 3.9. From Proposition 3.6, we obtain the automorphism τ σ of the algebra
Therefore we have the following corollary immediately. COROLLARY 3.10. The algebra U 0 (g N,tor ) are isomorphic to the quotient algebras
where I is the ideal of U q (L) generated by Serre relations (3.28) and (3.29).
Actually, we have the following theorem, which will be proved in the next two sections divided into the cases of N = 2 and N ≥ 3, respectively. THEOREM 3.11. As associate algebra, quantum N -toroidal algebra U q (g N,tor ) is isomorphic to the quotient algebra of U 0 (g N,tor ) for type A and itself U 0 (g N,tor ) for other types, respectively.
where the ideal J 0 is defined in section 5 in the proof of Theorem 3.11.
Combining Theorem 3.11 with Corollary3.10, we obtain the following main theorem THEOREM 3.12. Quantum N -toroidal algebra U q (g N,tor ) is isomorphic to the quotient algebra of extended quantized GIM algebra of N -affinization U q (L). More explicitly,
where the ideal J is the inverse image of J 0 in the algebra U q (L), the ideal I is the ideal of U q (L) generated by Serre relations (3.28) and (3.29) as in Corollary 3.10.
4. The proof of Theorem 3.11: in the case of N = 2
The following identities can be easily verified [J1] :
4.2. The algebra U 0 (g 2,tor ). Actually, we have defined the algebra U 0 (g 2,tor ) for type A n of the quantum 2-toroidal algebra in [JZ1] . Here we will give a precise general discussion of the algebra U 0 (g 2,tor ). DEFINITION 4.1. The algebra U 0 (g 2,tor ) is an associative algebra generated by
, q ±d and γ ± 1 2 satisfying the following relations (4.3)-(4.12), i.e.
REMARK 4.2. It is clear that U 0 (g 2,tor ) is finitely generated with finitely many relations, and has much fewer generators and relations than Drinfeld's original form. Actually, U 0 (g 2,tor ) provides an alternative realization of quantum 2-toroidal algebra U q (g 2,tor ). REMARK 4.3. In fact, using the above notations of quantum q-bracket, relation (4.12) can be explicitly rewritten as:
For ǫ = ±1 or ± and a 0i = −1,
(4.14)
One has the following two propositions directly from the above definition4.1. PROPOSITION 4.4. There exists the Q-algebra involution τ of U 0 (g 2,tor ) such that,
Before we give the proof of Theorem 3.11, we first recall the important lemma given in [JZ1] . LEMMA 4.6. Suppose associative algebras A = x i /(R 1 ) and B = x i , y j /(R 1 , R 2 , R 12 ) with respective relations
Using this lemma, we now turn to check that all generators and all defining relations of quantum 2-toroidal algebra can be obtained only using the simplified generators and relations (4.3)-(4.12).
4.3. The proof of Theorem 3.11. For completeness, we first review some results verified in [JZ1] for the case of type A.
First we introduce the following elements in U 0 (g 2,tor ): (4.16) which are used to inductively generate higher degree elements using a spiral argument based on Lemma 4.6. As ι(ȧ 0 (±1)) =ȧ 0 (∓1) we often only check half of the relations. The following relations involving with a 0 (ǫ), ǫ = ±1 are clear.
Furthermore, for ǫ = ± or ±1 we have
In fact, all interrelations among these elements
We turn to construct all degree-k elements x ± 0 (k), x ± 0 (−k), a 0 (±k) involving with index i = 0 by induction on the degree as follows. For ǫ = ± or ±1, we denote that,
where a 0 (±k) are defined byφ 0 (k) andφ 0 (−k) (k ≥ 0) as follows:
A partition of k, denoted λ ⊢ k, is a decreasing sequence of positive integers λ 1 ≥ λ 2 ≥ · · · ≥ λ l > 0 such that λ 1 + λ 2 + · · · + λ l = k, where l(λ) = l is called the number of parts. A partition λ = (λ 1 λ 2 · · · ) can also be denoted as (1 m 1 2 m 2 · · · ) with multiplicity of i being m i . Then we obtain the following formulas between a 0 (±k) andφ 0 (k) andφ 0 (−k):
in the algebra U 0 (g 2,tor ) satisfy all involved relations. By induction it follows that all elements x ± 0 (ǫk), a 0 (ǫk) for k ∈ Z/{0} satisfy the defining relations . In other words, the algebra U 0 contains a vertex subalgebra U q (ŝl 2 ) 0 . At the same time, the quantum toroidal algebra U 0 (g 2,tor ) also contains a vertex subalgebra U q (ŝl 2 ) 1 . i.e. the subalgebra generated by x (1). Moreover, we will also derive the relations between U q (ŝl 2 ) 0 and U q (ŝl 2 ) 1 . Similarly we can construct the subalgebras U q (ŝl 2 ) i , i = 2, . . . , n, that is, we can obtain all others Drinfeld generators x ± i (k), a i (ℓ) and verify the interrelations among them. On the other hand, since the Dynkin diagram of affine Lie algebraŝl n+1 is a cycle, for ǫ = ±1 or ±, we define that
Furthermore, let I be an ideal of U 0 (g 2,tor ) generated by (x −ǫ n (ǫ) − y −ǫ n (ǫ)) for ǫ = ±1 or ±. Denote the quotient algebra U 0 (g 2,tor )/I byŪ 0 (g 2,tor ).
Actually, in the quotient algebraŪ 0 (g 2,tor ), we have,
By induction, we define the notations y ± i (ǫ), b i (1) and b i (−1) for i = n − 1, n − 2, , · · · , 1, 0 similarly
In fact, in the quotient algebraŪ 0 (g 2,tor ), we have by induction for i = 0, 1, , · · · , n,
By induction on the level k, one has y
So far Theorem3.11has been checked for the case of quantum 2-toroidal algebra of type A. Actually, for general case, it is enough to check the Serre relations for nonsimple-laces cases. Without loss of generality, here we are left to check the Serre relations for type C n , B n and G 2 as follow, other relations are the same to type A n please refer to [JZ1] . LEMMA 4.7. For the case of type C n for ǫ i = 0 or 1, it holds that,
PROOF. We divided the proof into four cases.
(1) It is clear for the case of ǫ 1 = ǫ 2 = ǫ 3 = 0.
(2) For the case of ǫ 1 = 1 and ǫ 2 = ǫ 3 = 0, actually, it follows from Serre relation (4.10) and (4.11) by the notation of q-brackets,
As a consequence, it is easy to see that,
Notice that the last item is killed by B = 0. Pulling out the common normal product, we obtain the identity what we want as follows:
(3) For the case of ǫ 1 = ǫ 2 = 1 and ǫ 3 = 0, by the same way of case (2), we have that using
which implies that (4.16) for ǫ 1 = ǫ 2 = 1 and ǫ 3 = 0.
(4) For the case of ǫ 1 = ǫ 2 = ǫ 3 = 1, repeating the above steps, one can check it similarly.
Therefore, we have completed the proof of Lemma4.7.
LEMMA 4.8. For the case of type B n , we have the following Serre relation,
PROOF. In fact, by induction on index, the defining relations involving in index i < n are all satisfied. the proof is almost as the same as that of Lemma 4.7.
LEMMA 4.9. For the case of type G 2 , we have that,
PROOF. The proof is divided into five cases.
(1) It is clear for the case of ǫ 1 = ǫ 2 = ǫ 3 = ǫ 4 = 0.
(2) For the case of ǫ 1 = 1 and ǫ 2 = ǫ 3 = ǫ 4 = 0, actually, it follows from Serre relation (4.10) and (4.11) by the notation of q-brackets,
In this case, it holds from [a 1 (1), A 1 ] = 0 and B 1 = 0 that,
(3) For the case of ǫ 1 = ǫ 2 = 1 and ǫ 3 = ǫ 4 = 0, applying [a 1 (2), A 1 ] = 0 and [a 1 (1), B 1 ] = 0, it follows from [a 1 (1), C 1 ] = 0 that,
(4) For the case of ǫ 1 = ǫ 2 = ǫ 3 = 1 and ǫ 4 = 0, applying [a 1 (2),
(5) For the case of ǫ 1 = ǫ 2 = ǫ 3 = ǫ 4 = 1, the proof is similar to (4), which can be checked directly.
Therefore theorem 3.11 holds for the case of N = 2.
4.4. GIMs and Dynkin diagrams for the case of N = 2. For completeness, GIMs and Dynkin diagrams of U 0 (g 2,tor ) can be depicted conveniently as follows. Firstly, we denote by
PROPOSITION 4.10. Using the above notations, the algebra U 0 (g 2,tor ) is an associative algebra generated by E i , F i , K i , (i ∈J ) and q ±d , γ, satisfying the following relations. 
(4.3) For i ∈J and j ∈J,
(4.5) For m ij > 0 and i = j, we have,
(4.6) For m ij = 0 and i = j, we have that
(4.7) For m i0 = −1, we have,
where generalized intersection matrices M = (m ij ) i, j∈J are given case by case, as well as their Dynkin diagrams. Note that these Dynkin diagrams have been discussed in [Sk] .
For the case of type
For the case of type B n , here n > 1,
For the case of type C n for n > 1,
For the case of type D n for n > 1,
For the case of type E 7 ,
For the case of type E 8 , 
For the case of type
Now let us recall the main results for the case of N = 2 as follows. THEOREM 4.11. As associate algebra, quantum 2-toroidal algebra U q (g 2,tor ) is isomorphic to the quotient algebra of U 0 (g 2,tor ) for type A and algebra U 0 (g 2,tor ) for other types, respectively.
where the ideal J of U 0 (g 2,tor ) defined in the above subsection.
Furthermore, we arrive at the following main theorem THEOREM 4.12. Quantum 2-toroidal algebra U q (g 2,tor ) is isomorphic to the quotient algebra of extended quantized GIM algebra of 2-affinization U q (L). More explicitly,
where the ideal J is the inverse image of J 0 in the algebra U q (L) and the ideal I of U 0 (g 2,tor ) generated by relations (4.7) − (4.8).
REMARK 4.13. In fact, the authors doped out that quantum 2-toroidal Lie algebras may be the quotient algebras of quantized GIM algebras in [T] . Here we explicitly describe and prove his feeling.
5. The proof of Theorem 3.11: in the case of N 3
Using this lemma 4.6, we have to check that all generators of quantum N -algebra U q (g N,tor ) can be obtained by the simplified generators of the subalgebra U 0 (g N,tor ) in definition 3.5., so do all defining relations of U q (g N,tor ).
The proof of Theorem 3.11 for the case of N 3. Similar to that of the case of N = 2, we first define the elements of level one involving index 0 as follows for s ∈ J and ǫ = ±1,
Furthermore, we can construct the element for ǫ, ǫ ′ = ± or ±1 and s, s ′ ∈ J,
Now we construct all degree-k elements
0 (l) involving with index i = 0 by induction on the degree. All degree-k elements i (l) to satisfy the interrelations among them. So far, if g is not type A, we have shown that the subalgebra U 0 (g N,tor ) is isomorphic to the quantum N -algebra U q (g N,tor ) using Lemma4.6.
For the case of type A, since the Dynkin diagram of affine Lie algebraŝl n+1 is a cycle, for ǫ = ±1 or ± and s ∈ J, we define that
Moreover, we define the elements by induction as follows for i = n − 1, · · · 0,
Furthermore, let J be an ideal of U 0 (sl n+1 , N -tor) generated by for ǫ = ±1 or ± and s ∈ J,
. Denote the quotient algebra U 0 (g N,tor )/I byŪ 0 (g N,tor )) for type A.
In fact, in the quotient algebraŪ 0 (g N,tor )), we have that,
Similarly, one has b
. Consequently, we have proved Theorem 3.11 for general case N ≥ 3, that is,
6. Vertex representation of quantum N -toroidal algebra U q (g N,tor ) for type A 6.1. N -toroidal algebra (g N,tor ) for type A. In this subsection, we recall some data of Lie algebra sl n+1 . Let I = {0, 1, · · · , n} and I 0 = {1, · · · , n}. Let g be a finite dimensional simple Lie algebra of type sl n+1 over complex numbers C with Cartan matrix (a ij ) i,j∈I 0 . Denote byĝ the affine Kac-Moody Lie algebra of type sl n+1 with Cartan matrix (a ij ) i,j∈I . Let h andĥ be a Cartan subalgebra of g andĝ respectively. Let ∆ and∆ be the corresponding root systems respectively. Denote by Π = {ᾱ 1 , · · · ,ᾱ n } a basis of ∆, by α 0 , α 1 , · · · , α n the simple roots of g. LetQ = The nondegenerate symmetric bilinear form (· | ·) on the Cartan subalgebraĥ is given by
6.2. Quantum N -toroidal algebra U q (g N,tor ) for type A via generating function. For our purpose, we give an definition with another parameter κ via generating functions. Fisrt of all, we rewritte the generators in terms of generating functions of formal varibles z = (z 1 , · · · , z N −1 ) and w = (w 1 , · · · , w N −1 ):
DEFINITION 6.1. Fix the integer n ≥ 1, and let q be a generic complex number and κ ∈ C(q) * . The quantum N -toroidal algebra U q (g N,tor ) for type A is the assaciative algebra with unit 1 and the generators
satisfying the relations below:
Indeed, we can get an equivalent definition of the quantum N -toroidal algebra U q (g N,tor ) for type A as follows. DEFINITION 6.2. The quantum N -toroidal algebra U q (g N,tor ) for type A is an associative algebra over C generated
s , q ±d and κ, (i ∈ I, s ∈ J, k ∈ Z N −1 , r ∈ Z/{0}) with the relations:
j (r), and q ±d commute among each other, (6.14) 
We denote by
.
for any v ∈ S( h − , N -tor), l ∈ Z >0 and i ∈ I.
Vertex representation of
Ce α be a twisted group algebra with base elements of the form e α (α ∈ Q), and the prodcut is for i, j ∈ I, e α i e α j = (−1) (α i |α j ) e α j e α i .
Define the Fock space F=S( h − , N -tor)⊗C [Q] , and give the action of the operators a 1, a ij = 0.
We now prove Theorem 6.4 by checking that the defined action satisfies relations (6.1)−(6.13). It is easy to see that the relations (6.1) − (6.6) are true by the construction.
Let us show (6.7), and (6.8) can be checked similarly. Naturally we only check (6.7) for the case of a ij = 0, actually we first consider Relations (6.9) and (6.10) follow from the above operator product expansions, which can be checked immediately.
For the Serre relations, the most can be shown as usual. However we would like to show the new relation (6.13), which does not exist in the case of the quantum 2-toroidal algebra.
By the operator product expansions it follows that z 1s − z 2s z 1s − q −2 z 2s w s − z 1s w s − q 2 z 1s z 1s − z 3s z 1s − q −2 z 3s w s − z 2s w s − q 2 z 2s z 2s − z 3s z 2s − q −2 z 3s w s − z 3s w s − q 2 z 3s
Subtitute the above expressions into the right hand side of (6.13) and pull out the common factors q 2 + 1 + q −2 z σ(1) s − q −2 w s z σ(2) s − q −2 w s w s − q 2 z σ(3) s + q 2 + 1 + q −2 z σ(1) s − q −2 w s w s − q 2 z σ(2) s w s − q 2 z σ(3) s − 1 w s − q 2 z σ(1) s w s − q 2 z σ(2) s w s − q 2 z σ(3) s = 0, which can be checked directly, thus Theorem 6.4 is proved.
